Abstract. Given an integral lattice Λ of rank n and a finite sequence m 1 ≤ m 2 ≤ · · · ≤ m k of natural numbers we construct a modular form Θ m1,m2,...,m k ,Λ of level N = N (Λ). The weight of this modular form is nk/2 + k i=1 m k . This construction generalizes the theta series Θ Λ of integral lattices, because Θ Λ = Θ 0,Λ . We give the q-expansions of the modular forms Θ m,m,Λ , and Θ 1,1,1,Λ and show that (up to some scaling) they are given by power series with integer coefficients.
Introduction
For an integral lattice Λ the theta series Θ Λ (τ ) = λ∈Λ exp(2πi λ 2 τ ) is a first invariant. Moreover, Θ Λ is a modular form of weight rk(Λ)/2 and level N(Λ). Since the vector space of modular forms of given weight and level is of finite dimension, Θ Λ can be read off from the first coefficients in its q-expansion. Unfortunately, there are pairs (Λ, Λ ′ ) of lattices which possess the same theta series Θ Λ = Θ Λ ′ and are not isometric. A first example are the two unimodular lattices E 8 ⊕ E 8 and E 16 of rank 16 (see page 1243 in [2] for details). Schiemann constructed in [6] an example of two four dimensional lattices (Λ, Λ ′ ) which are isospectral (i.e. Θ Λ = Θ Λ ′ ) but not isometric. Spherical theta functions Θ h,Λ := λ∈Λ h(λ) exp(2πi λ 2 τ ) define for homogeneous harmonic polynomials h also modular forms of level N(Λ). These modular forms depend on h and are of weight deg(h) + rk(Λ)/2. (The term spherical theta functions appears in [7] whereas Elkies uses weighted theta function in [3] .) The authors managed in [1] to find sums of products of these spherical theta functions which give new lattice invariants. These modular forms can be used to distinguish the two isospectral lattices in Schiemann's example (see Proposition 4.4 in [1] ). In our article [1] we construct an invariant c m 1 ,m 2 ,...,m k ,Λ which turns out to be a sum of products of modular forms and their derivatives. Out of these invariants we can sometimes construct invariant harmonic data p m 1 ,m 2 ,...,m k ,Λ which give invariant modular forms. However, we computed only p 1,1,Λ explicitly for lattices Λ of arbitrary rank in our article [1] . The aim of this article is a direct construction of the invariant harmonic datum p m 1 ,m 2 ,...,m k ,Λ . So take an integral lattice Λ of rank n, let N be the level of Λ, and fix a finite sequence 0 ≤ m 1 ≤ m 2 ≤ · · · ≤ m k of integers. We start with an isometric embedding Λ → E n of Λ into the Euclidean space. Here we consider Λ as a distribution on the Schwartz functions on E n . The heat flux of this distribution is given by a function f Λ : R + × E n → R. Using the harmonic Taylor coefficients of f Λ we obtain the harmonic invariant system p m 1 ,m 2 ,...,m k ,Λ which provides a modular form Θ m 1 ,m 2 ,...,m k ,Λ of level N and weight nk/2 + k i=1 m k , independent from the chosen embedding Λ → E n (see Theorem 2.6). Next we give for all integers m ≥ 0 the q-expansion of the invariant modular forms Θ m,m,Λ = k≥0 a m,m,k q k . It turns out that the coefficients a m,m,k are given by
where p m is an even polynomial of degree 2m (see Theorem 3.3). We compute these polynomials in Lemma 5.4. The first ones being .
Knowing these polynomials we can give the modular forms Θ m,m,E 8 for the E 8 lattice for m ≤ 9 in 3.4. We conclude with computing the triple modular invariant Θ 1,1,1,Λ in Theorem 4.5.
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2.
The modular forms Θ k 1 ,...,km,Λ 2.1. Notation. We consider a lattice Λ ⊂ E n embedded in the n-dimensional euclidean space. In [1] we defined the function f Λ :
As explained in Section 2.1 of [1] this function describes the heat flux of the lattice Λ. We call a function c Λ : R + → R, which we obtain from f Λ , a lattice invariant if the action of the orthogonal group O(n) on the isometric embeddings of Λ → E n does not change c Λ . The first example for such a lattice invariant is c 0,Λ (t) = f Λ (t, 0). It was shown in [1, Section 2.10] that this function c 0,Λ determines the theta series of the lattice Λ. We call a lattice Λ integral if the square lengths γ 2 are integers for all γ ∈ Λ. An integral lattice Λ has two integer invariants: its discriminant D = D(Λ), and the level N = N(Λ). We recall their definitions. If The ring A has a natural grading A = ⊕ k≥0 A k with A k the homogeneous polynomials of degree k. We define a pairing on
The orthogonal group O(n) acts on E n , defining an action on the polynomials σ(f )(x) := f (σ −1 (x)) It is convenient, to recall some well known basic properties of this pairing.
(1) The pairing is a bilinear, symmetric, and positive definite. (6) For h 1 , h 2 ∈ Harm 2m−2k we have the equality
For h ∈ Harm m , and natural numbers k, d ∈ N we have 
From this, we derive in Lemma 5.3 the explicit formula:
However, the first definition implies immediately that for all d ≥ 1 we have:
Therefore we conclude, that the linear map P harm,m = m/2 k≥0 r k,m r 2k ∆ k operates on A m as the harmonic projection. Indeed, for a homogeneous harmonic function h of degree m − 2d we find that P harm,m (r
(9) Let us explicitly give the harmonic projections in degree two, four and six:
Harmonic Taylor coefficients. We consider the homogeneous parts of the Taylor expansion of f Λ at the point x = 0. Since f Λ is symmetric in x, only the even parts appear. We set
x im m , and
The f Λ,m are homogeneous polynomials of degree 2m in the x i over the ring of functions in t. We may write
Indeed, the operator f → I⊂N n ,|I|=2m
is the identity on A 2m the space of homogeneous polynomials of degree 2m. So we can replace the orthonormal basis
by any other orthonormal basis. If B harm 2m
is an orthonormal basis of Harm 2m , the space of harmonic polynomials of degree 2m, then the projection of f Λ,m to Harm 2m is called the harmonic Taylor coefficient of f Λ and given by
We derive more formulas for f harm Λ,m which we will use in the sequel. Taking any orthonormal basis B 2m of A 2m we obtain f harm Λ,m = g∈B 2m g, f Λ P harm (g) where P harm : A 2m → A 2m denotes the orthogonal projection to the space of harmonic polynomials. Therefore, we conclude f harm Λ,m = g∈B 2m P * harm (g), f Λ g with P * harm the adjoint operator of P harm . Since an orthogonal projection is self adjoint we find that f harm Λ,m = g∈B 2m P harm (g), f Λ g. Using the formula for the harmonic projection developed in 2.2.(8) we derive the next Proposition 2.4. Let B be any orthonormal basis of A 2m . We have:
Proof. We have shown all equalities but the last one. This is a consequence of the identity 
If ϕ : E n → E n is any isometry, then ϕ commutes with the multiplication with r 2 as well as with ∆. Whence it commutes with the harmonic projection, which can be described in Theorem 2.6. For any integral lattice Λ ⊂ E n the modular form
is a modular form of weight . For k an even integer Θ m 1 ,...,m k ,Λ is a modular form for the trivial character.
The functions
form an orthonormal basis of A 2m . Whereas an orthonormal basis of the subspace Harm 2m ⊂ A 2m is more difficult. However by Proposition 2.4 we can compute p m 1 ,...,m k ,Λ in a different manner:
with the B 2m i orthonormal basis of A 2m i . Applying [1, Proposition 2.9] to this presentation of p m 1 ,...,m k ,Λ we obtain the next Proposition 2.7. The modular form Θ m 1 ,...,m k ,Λ can be computed using orthonormal basis B 2m i of A 2m i , and the orthogonal harmonic projections P harm : A 2m i → A 2m i as follows
3. The modular forms Θ m,m,Λ for integers m ≥ 0 3.1. Definition of Θ m,m,Λ . On the real polynomials on E n we have two O(n)-invariant scalar products. The one defined in 2.2, and the integral scalar product f, g 2 := S n−1 f gdμ. The first has the advantage that A m ⊥A k for m = k. However, when we restrict to the irreducible subspace Harm 2m the two scalar products agree up to a constant c 2m , i.e. f, g 2 = c 2m f, g for all f, g ∈ Harm 2m . The formula from Theorem 2.6 yields is of weight 4m + n, has level N(Λ), and is independent of the chosen embedding. Its q-expansion is given by
For m > 0 we have,
where l denotes the minimum of v 2 for all nonzero v ∈ Λ.
Proof. We take the function Θ m,m,Λ = h∈B harm 2m Θ 2 h,Λ . As a sum of squares of modular forms of weight 2m + n 2 it is a modular form of weight4m + n. Let us calculate the q-expansion:
This yields by Lemma 3.2 the stated q-expansion. From the q-expansion we directly deduce that Θ m,m,Λ is independent from the chosen embedding Λ → E n . Likewise we see
This number is by Lemma 5.4 and the definition of the cosine given by
Since Λ is integral v, w ∈ 
where ∆(τ ) = q n≥1 (1 − q n ) 24 is the discriminant function, and G 8 (τ ) = to deduce this scalar. After all, this yields:
Θ 9,9,E 8 (τ ) = 11 3429236736000
with G 10 (τ ) =
−1 264
+ n≥1 σ 9 (n)q n . 
4.
When introducing the shorthand h i = nx
We consider the invariant harmonic datum:
We need the following spherical integrals S n−1 x
, and
. Furthermore S n−1 i x n i i dμ = 0 when at least one of the exponents n i is an odd integer (see [1, Corollary A.2] ). After these preparation we compute:
Having in mind that n i=1 h i = 0 we obtain Lemma 4.2. With the notation from 4.1 we have n 4 (n + 2)(n + 4)p 1,1,1,Λ = n 4 (n + 2)(n + 4)
Again we rescale our definition and find by Theorem 2.6 for any integral lattice Λ the modular form
where h i denotes the harmonic polynomial h i = nx
To determine the qexpansion of Θ 1,1,1,Λ we need Lemma 4.4. Let u, v, w ∈ E n be three vectors in euclidean space. We fix with B 2 =
a basis of the homogeneous polynomials of degree 2 on E n . Denote by P = P harm,2 be the harmonic projection of degree two. Then we have an equality
Furthermore, when u 2 , v 2 , and w 2 are integers, and the scalar products v, w , u, w , and u, v are in 1 2 Z, then 8Ξ(u, v, w) is an integer.
Proof. This is a straightforward calculation along the lines of computing p 1,1,1,Λ in 4.1. . Θ 1,1,1,Λ is independent from the embedding Λ → E n . Its q-expansion is given by of the homogeneous polynomials of degree 2 and the harmonic projection P to compute Θ 1,1,1,Λ as Θ 1,1,1,Λ = n 4 (n + 2)(n + 4)
h1,h2,h 3 ∈B 2 Θ P (g 1 ),Λ Θ P (g 2 ),Λ Θ P (g 3 ),Λ S n−1 g 1 g 2 g 3 dμ .
Now we deduce the q-expansion and we obtain therefore that
